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There are six questions in all. All questions are compulsory,
Q. 1. Answer any two of the following : 2Zx4=4
(a) Find the solution/solution set for the following :
(i) |x*+6x+16| <8 |
Ans. |x>+6x+ 16| <8
~8<x’+6x+16<8
~8<x’+6x+ 16 and x>+ 6x + 16 < 8
0<x’+6x+24andx’+6x+8<0
O<(x+)Y+15andx®+4x +2x +8 <0
O<(x+3)°+15and(x +4)(x +2) <0
xe Randx e (-4, -2)
(ii) logg (x +6) + logg (x - 2) =2
Ans. logs (x + 6) + logg (x — 2) = 2
log; (x + 6) (x - 2)) = 2
(x+6)(x-2)= 32
x+6)(x-2)=9
x> +4x-21="10
L+Tx-8x-21=0
x+7x-3)=0
x=—-Torx=3 -
(b) Does any of the following drawn on a rectangular coordinal
plane represent a function y = f (*)? Why or why not?
(i) y* =3x | |
Ans. y? = Bx

I A |

TS| S| S R

'

No, since for an x € R (in the domain), there exist two images of it.
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For example for x - l,y =+ ]

3

4
(i) y= 1 t
B \
Ans, _ 1 \
e le H‘-'__p
for x< 0, yx=0 = i
for x< 0, —xy=1
R thYes, si::me it sat.isﬁes- the cond.ition that for an x €
> YI1ére exists a unique image of it in the co-domain. v

(iii) A vertical straight line Substantiate your answer with the help
of a graph in each case.
Ans. No, since for a single value of x (which is @ € R), there exist infinite y.

A
x=a

\

(c) For each of the following propositions P and Q, state whether

Pis a necessary condition, or a sufficient condition, or both necessary
and sufficient for @ to be true?

(i) P : Ail’s vehicle has four wheels.
Q : Ali has a car.

Ans. P is a necessary condition.

(ii) P : The series zan is convergent
n

Q:lima, =0
xX—poo

Ans. Sufficient.

(iii) P:x=(-8)"3,xc R
Q:x=~2

Ans. Sufficient.

(iv) P :anumber n is odd
Q : n is a prime number strictly greater than 2. 2%4=8

Ans. Necessary
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Q. 2. Answer any four of the following :

(a) Draw the graph of y = Vx+ 5 - 4 using the graph ofye /5
Ans. y = vx+5-4
J = ;‘/;

y=dx+5f4

‘?’L‘ X =axis

(b) Isthere a solution to the equation x* + 2x - 2 = 0. is the solutio
unique?

Ans, P*+2c-2=0

Let fx)= x>+2x-2

= f(x) = 8x°+2

Since f'(x) is always positive for all x € R, fis strictly increasing.
Also for x=0, A0)=-2

So, it attains a negative value, hence it must cut the x-axis. Also since it
monotonically increasing, it will cut the x-axis just once.

Hence x* + 2xr -2 =0 has a unique real solution.

(c) A function is given as f(x) = 5 + 3"" ’
(i) Find its domain and range.

Ans, fix)= 6+ e"a
Domain = R
Since e"a' > 0
= 5+ e > B
Hence range = (B, )
(ii) Find its horizontal asymptote(s), if any.
Ans. Horizontal Asymptote

flx) = lim 6 + e""

X~poo



1
- 5+11m#7:5
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- fx) = 5 is the horizontal asymptote.

(d) Find the integer roots of the following equation :

St 123y qy = 0
Ans. 3x' - 1243 x24 4y =

0
= 313(x—4)—x(x—4)= 0
= Bxd-x)(x-4)= 0
= x3x*-1(kx-4)= 0
| 1
- =0, x=4, x=—7= orx=—"7=
X X o J{; \/5

Hence the integer roots are x = 0, or x = 4.
(e) test the following for convergence :

i n®-1
(i) The sequence S, = _
n2 =8
| n® -1
Ans. S, =
n’-n
L
= limS, = lim —=.
n—sco n—»oo 1
1-—
n
=1

Since it appraches some limit, it is convergent.

(e) The series Y, (-D)"(2)'"

n=1
Ans. Y (-1)"(2)"?
n=1
Consider 2° = elog 2°
= | 2° = ¢° log, 2
= | 2° = 1+elog, 2
Now, 2°0 -2 5 501_082—611032
1 1
s | —= log 2
[(n) (n+1)] "
o, 1 e &
e n+1  n?
1=
NOW, n2 6

16
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Hence the sum of the terms (sones) is finite. hence the series convergeg
Q. 3. Answer any three of the following : IxB=1y
(a) Find the following limits :

\/9::“ -X

1) lim
41

N o
s—
PORE \/9.1:3 %

X——0e x

x3+1

’ 1
..
25

= lim

1
X —>—oo
1+—
x3
= Jo
= 3
3 __2x __x |
(i) hma a ) a’ +1
x—=0 2x
2x X _1)_ x _
po— lim & (@ -1)-1(a* -1)
x—0 9 x2
2x x
= lim (@™ ~1Xa” - 1)
x—0 2x°
. a®* -1 a* -1
=9 Iim hm

=0 2x x-0 x

= log,a.log,a | |
(b) The equation of the demand curve is given as :

A
DP) = ;‘i

where, A and B are positive cbntanu and P is the price.
A
Ans. D(P) = B

(i) Find the price elasticity of demand,
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~BA
Ans. D'(P) - PB+1
ElaStiCity of de d = (-l)D'(P)'L
man = D(P)
BA P.-PB
- pBal A

= B
D ('P(ii) Find elasticity of T (P) with respect to pwig where T (P) = P .
).

Ans. T(P)= P.D(P)
dT(P
di; ) = PD"(P)+ D (P)
p -BA A
= PB+1 +PB
-BA A
= pB +PB

Elasticity of 7(P) with respect to P

A-AB _P__A-AB_
pB p_A___ A '

5 PB

‘.J-

(c) Theline2x-y+1=0is tan’gent to a circle at (2, 5) Moreover,
the centre of the circle is on thedine x + ¥ = 9. Find the equation of the

circle.
Ans. Slope of the tangent = 2
Let the centre be (a, b)
Slope of the line segment joiningA (a, b) and B (2, 5) would be :—:
Since-AB and the line2x -y +1=0are perpendicular to each other,
5-b |
D s =
2—ax 1
— 10-2b = -2 +a
= a+2b= 12 (1)
and since (a, b) lieson the linex +y =9, we havea + b = 9 ...(11)
Solving (i) and (ii)
b= 3
and a=6

So the radius is \/ (6-2)% +(3-5)
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So the equation of the circle is
x-27%+(@y-52= 20
= x’-4x+y’-10y+9= 0
(d) Find the linear approximation of the function f (x) = JIT,

around x = 0 and use it to obtain an estimate of J0.95 . Also find o,
upper limit for the error of approximation.

Ans, fx)= (1-x)2

Linear approximation entails :

f(x) = f(a)+f (a) (x - a) where a = 0 here.
1

= f(x)f-: 1+(—1)(%) 2(1-0)
= fo) = 1-2x
2
2-x

For 0.95 = v1-0.05, 50 x in the above equation would be 0.05

Hence ~ £(0.05) = 2-2'05
= 1-0.025
= £(0.05) = 0.975
Upper bound on the error
IR )< L G@Nx-a)™ |
Here ) n .:. 1 (n+1)1
|F2(zXx - 0)?]
IR O < 1
1
Wi have =008 and F* (o) -‘2—1(1-::) 2
e il
— f"(x): %x-;-(l—x)z
: l -é
- )= —(1-x) 2
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So. £2(20.06)° |
0.06> 1 -3,

= R,(x) s — szl-z) :

2
Z is between x and C |
Z is between 0.05 and 0
3

To make l(l —2) 2| as large as possible when Z = 0.05
Since the function is increasing.

Hence R, (0.05) < 0.000337

Q.4. Answer any three of the following : 3%5=15
(a) Find all asymptotes for :
x345

xs

Ans, x +5
y = 2

Vertical asymptotes x
| ¥=0=2x=0 |

Since the numerator has higher degree than the numerator, there is no
iorizontal asymptote.

(i) Y=

Oblique asymptote
o X
2) 3
= x°)x"+8
X3
So, y=x+ 22- |
x :
The polynomial part y = x is the oblique asymptote.
(ii) y=xe™
Ans. y= xe &
X
y= :2';
There are no vertical asymptotes
For horizontal asymptote
s lim—
y X —doe cax
= lim -—!5- [L’Hopit.al‘s Rule:]
¥ 20 % o
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’ y=0 [horizontal asymptote)
(o) D(? the following functions defined by y have an inverse? Why
or wiry not? If yes, find i :
dy
(i) y=-2%4+52>0
Ans. y= -x°+56,x>0
Checking for one-one
If f(xl) = f(xg)
= ~x$+5 = -y +5
- x, = X, since >0
Onto
y-95= —-xg
= 5-y%=x

For all y > 5, there doesn’t exist on x € R’
So, function is not onto,
Hence not invertible.
(i) y=4x® +2° + 3x
Ans. This is both one-one and onto. Hence it is invertible.
| % = 20x* + 3x% + 3
g_x_ _ 1
dy ~ 20x*+3x%3
(c) Find the intervals where f(x) = 3x* - 4x* - 124* + 5

=

Ans. f(x) = 12¢% - 12x% - 24x

For the function to be increasing, f (x) > 0

= 12x% - 12¢% - 24x > 0

= 12x (2 -x-2)> 0 e R Sl e >
= x(2-2c+x-2)> 0 =L 0 2

= xx-2)x+1)> 0

So, the function is increasingon x € [- 1, 0] U (2, 0]
and it is decreasingon x € [— o, — 1] U [0, 2]
(d) Calculate the present value of each cash flow using a discount
rate of 7% per annum. Which one do you perfer?
Cash flow A : receive ¥ 12 every year, forever, starting today.

Cash flow B : receive 2 50 every year for five year, with the first
payment being next year. 3x5=15

Ans. Present value of cash flow A
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12 12
s A -a- s P
[ 1.07 1.07

i
—
DO
+

i
-,
N
X

= ]12x

= ¥183.43
Present value of cash flow B

50 50 50

& —m .}

1.07 1.07  1.07°

.é_o._rl.g._.].'__.; 1 ]
107 1.07 107

"

-

1
1- 5 |
_ 50 _(1.07)>
1.07 1- 1
3 1.07 |

50 1.07 1.07° -1
X X
1.07 0.07 1.07°

50(1.07° - 1)
0.07 x1.075
= 7205.01

On the basis of present value;'Cash flow B would be prefersed to cash flow A.
Q. 5. Answer any three of the following :

(a) Given the function f (x) pe (l{- = what can you say about the

existence of extreme point(s) in the interval [2, 3]? Classify the extreme
points(s) as local and/or global.

1 1

ANA. fx) = x(l—-x)=x-x2

, -1 2x —1
= f(x)—(x_xz)z*(l--2x)= T
For extreme points, [ (x) = 0
| 2-3v) |
” (x-x%)% 1
. X = =

2.
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f’(l) (x—x2)2(2)—(2x-1)(x-—x2)(1—2x)
2 (x-x%)4

(3-3) <2;,0
) @)

1 | .
So, atx = > the function attains the global/local minima.

-

_ 1
Also for the interval [2, 8], since this interval does not contain x = 5 We

would put the values of x = 2 and x = 2 and x = 3 in the function and check.

Although since at x = l, it has minima, it must be increasing in the interval
{2, 3], Hence. 2

f@3)> f(2)
1 1
f@Q) = 3x(-2)_-6-
1 . |
F&= 2™ 72

(b) Find the interval(s) where the function defined by y = (x - 3)*?
is concave/convex. Use this information to find possible points(s) of
inflection. Also identify possible cusp(s) in the function. Substantiate
your answer with a graph.

Ans. | y = (x-3)%
dy 2 1/3
— = —(x- =0 =3
= I 3(x 3) =X
2 | 2
- -‘.‘_-;’_ = 2(y—3ys =>-d—§— =0
_ dx 9 ' . dx x=3
d
Hence at x = 3, the function has an inflexion point Ex'z-= — (x-3)"250and
< 0 for x < 3.
Vs y=(x-3"
- - ﬂ xra:is

Y. .
y-axis
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(c)A news item is spread by word of mouth to a potential audience

of 10,000 people. After ¢ days, f (1) = 100(_)0 -7 people will have heard
& 1+ 60e
e news,

(i) How many people knew about the news at ¢ = 07

Ans. ) = 10000
f - 1+ 50704
. 10,000
0) = —
f(0) 50
= f(0) = 200

So, at ¢ = 0, 200 will have heard the news.

c:i'i;) \Khen will the news spread at the greatest rate ? (There is no
need to check for the sufficient condition here. (Note : In (§) = 4)).

Ans‘ _ 10,000 -0.4

FO) = ——a F(-50x0.4e )

" 2,00,000e9-4
= @)= =" ovt
(14 50e70-4¢) e
R L. 50e™4)%(<0.4)e™04* .2(1 — 50e04). (50 x (-0 4¢~0-4)
(1 X 50e—0;4t )4 |
f (8) = 2,00,00{—0.4¢7%4 (1 + 59_8-'94_)_2 +2x0.4 50(e%4!)2(1 + 50e 704! ))
(14 50 %)
S e 2,00,00(0.4)e"*]— (1 + 50¢74) 4 10004
(14 50e704¢ ) |
s £ @)m 2,00,00(0.4)e %4 (1 + 5094 )[50e 04 -1
- (1+50e70-4)
Putting f” (¢) = 0 for the maximum rate, we get
50e %% 1= 0
1

04 _ _*
= ¢ % 50
-=’ eﬂ.u - 50

oA

= T 04
— t= 10

(iii) Svhow that f (¢) = 04 f (¢) [l- 1({ ((:()’0] . Use this formula to
talculate £ (¢) when f (¢) = 5000. 7
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10,0_00_
1+50e 04

10,000(50 x (~0.4)e**

Ans, f(t) =

e f @)= (1 + 50e~0-412
_0.4(500000e"4")
T (1+50e704t)2
0.4x10,000 ~ 50e704
T (1+50e704) (14+50e704)
0.4f(t) 145004 -1
T 1 | 145004
_ 04f@) '1_ 1 |
1 ‘| 1+50e%
Since 15(()20 = 1+ 500
| (t)
We have )= 04F@) [1 r ({ 000]
‘ 50,000
When f(£):= 5000, f () = 0.4 x 50,000 [1- 5,00 0]
= f(t) = 2000 x (- 4)
- f () = -8000

(d) (i) If function g(x) has a minimum at x = x, show that f (g) ()
also has a minimum at x, where f “&x)) > 0.

Ans. Let y = fgx))
d
- —’;’ = f (g). g (x)
ey dy
For maxmia/minima, P ek 0, hence

[Hg)x)). g (x) = 0
Now since g° (x,) = 0 as g (x) has its minima at x = x, we have
f (g(x,) .8 () = 0
Hence, the first order condition is satisfied,
Now, Second Order Condition

d? , ..
ﬁ = [ (@gx)@ ®)+f &) g (x)
X ~
Now since at x = x, g has its minima, we have g (x,) > 0

Since f* (g(x,)) > 0, in the above expression, the second term is positjve.

- 4
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Hence all need is

7 @x0))| @' (xe)) < £ (glxy)) . 8" (%) if f < 0. o
(Iff" >0, no such condition is required so that the second derivative at r
%o 18 positive.
(1) Find a point on the curve y = Vx that is closed to the point (2, 0).
= A
the closest point on the curve from (2, 0) is (a, b).

Hence the distance is V(a - 2)? + (b)2
Sinoeb = \/E =:b2=a

Hence distance (D) = J(b2-2)2+b2
= D? = (b2-2)% 4 p?
= f(B) = %2-2)2 4+ 2
= f®)=20b2-2).2b+2
= 2b[26°-4+1]
= 2b(26%-3)=0
= = 2b=0 or2b2.=3
= b=0orb=4% \/-5-
)= 12b2-6 2

f70)= -6,f" [i §)=18—6

.
= f"(i‘/'gJ= 12

Hence the minimum distance is from either
(2 _@] or (9. _J_f?_]
2’ 2
Since the curve is in / quadrar}t like below
y-axis

4

x-axis




